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A quantitative theory of attosecond pulse generation in relativistically driven overdense plasma slabs is
presented based on an explicit analysis of synchrotron-type electron trajectories. The subcycle, field-
controlled release, and subsequent nanometer-scale acceleration of relativistic electron bunches under the
combined action of the laser and ionic potentials give rise to coherent radiation with a high-frequency
cutoff, intensity, and radiation pattern explained in terms of the basic laws of synchrotron radiation. The
emerging radiation is confined to time intervals much shorter than the half-cycle of the driver field. This
intuitive approach will be instrumental in analyzing and optimizing few-cycle-laser-driven relativistic
sources of intense isolated extreme ultraviolet and x-ray pulses.
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Progress in ultraintense lasers capable of accelerating
electrons to relativistic velocities [1] raises the question of
whether laser technologies will ever be able to make the
cutting-edge science of large accelerators accessible to a
broad range of researchers in moderate-size laser labs.
From the radiation physics perspective, an advantage of
lasers is their ability to generate unprecedentedly short
pulses of extreme ultraviolet (XUV) and x-ray radiation
[2–5]. High-order harmonic generation in gas jets [6–8]
when driven by waveform-controlled few-cycle light [3]
enables the generation of sub-100-as XUV pulses [5]. They
have allowed unique time-resolved studies of electron
dynamics in gases [9,10] and in the condensed phase
[11]. However, the flux and photon energy of attosecond
pulses generated with the use of this technology are limited
[12]. Recent insight into ultrafast laser-plasma interactions
[13–21] offers the potential for much higher yields and
photon energies by combining advanced concepts of ultra-
fast optical science and relativistic plasma physics.
The key physical scenarios of coherent XUV and x-ray
emission from overdense laser-produced plasmas are
(i) radiation through linear mode conversion of high-
frequency plasmons excited in a nanoscale plasma density
gradient [22], and (ii) radiation from relativistic electrons
coherently moving at surfaces of overdense plasmas. The
latter, highly nonlinear phenomenon was predicted by
numerical simulations [13–15] and described in terms of
the Doppler frequency up-shift of light reflected by oscil-
lating plasma surface or ‘‘relativistically oscillating mir-
ror’’ [13,15,18]. Such radiation was experimentally
observed as high harmonics by several groups [[19–21].
Formation of attosecond pulses in the relativistic regime
has been numerically and analytically studied in [16–18].
We show here that even though the spatial scales of the
effects are drastically different, the physics of XUV and
x-ray emission by electrons in large-scale synchrotron
facilities and electrons undergoing laser acceleration to
relativistic velocities on a nanometer scale at the surface
of a solid is essentially the same.While the synchrotronlike
features in relativistic harmonic spectra have been identi-
fied in earlier work [23,24], here we demonstrate that the
general scaling laws of synchrotron radiation—i.e., the
mathematical expressions of its essential properties such
as the intensity and spectral cutoff as a function of electron
energy and density of the bunch—fully apply to the radia-
tion emitted by electrons in dense plasmas driven by an
intense laser field. Known for more than half a century
from astrophysical observations [25,26] and grand accel-
erator experiments [27], synchrotron radiation physics will
be shown to (i) offer a new perspective on the radiation and
particle-acceleration physics behind ultraintense laser
interactions with matter, and (ii) give important insights
into the scenarios of attosecond pulse generation by laser-
accelerated electrons in overdense plasma slabs.
Let us consider the interaction of an ultrashort
relativistic-intensity laser pulse with a slab of overdense
plasma. Before the laser pulse arrival, plasma electrons
reside in a strong binding potential from the ions exert-
ing a restoring force when electrons start to move
[see Supplemental Material [28] for details]. The motion
of electrons in the direction orthogonal to the target surface
under the combined action of the Lorentz force and the
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ionic restoring force results in their escape into the vacuum
at the front surface of plasmas, where the ionic binding
potential gradually vanishes and gives birth to high-order
harmonic generation or isolated XUV and x-ray pulses.
Here, we demonstrate the basic idea for the simplest,
normal incidence geometry with the analysis of oblique
incidence, which results in largest amplitudes of electron
oscillations in the direction normal to the target surface and
in greatest energies of attosecond pulses, left to be carried
out in future work.
In this case, the physical picture of attosecond emission
suggested by particle-in-cell (PIC) simulations is as
follows. Electrons are pushed by the magnetic force
oscillating with the frequency 2!0 (!0 is the laser carrier
frequency) in the direction of the laser wave vector.
However, until this force becomes comparable to the re-
storing force, the majority of electrons stay as a compact
dense bunch bound to the ions. When the magnitude of the
laser force approaches that of the restoring force, the
electrons are pushed forward so strongly that they shift
considerably with respect to the ions. Immediately after
this kick they turn back, pulled by the nonlinear ionic
potential, cross the equilibrium point, and escape into the
vacuum at the front side of the ion slab. At this instant, the
electrons are accelerated orthogonally to their motion by
the electric field and emit intense XUVand x-ray radiation
beamed in the direction of their velocity. During the emis-
sion, the following requirements for synchrotron radiation
parallel to the reflected laser axis are satisfied: (i) the
electron velocity Vz directed along the reflected wave
vector is maximum in absolute value, (ii) acceleration az
is zero, (iii) velocity Vy parallel to the plasma surface
vanishes, and (iv) acceleration ay is around maximum.
The time interval during which the electron velocity
is orthogonal to the acceleration and parallel to the z axis
is confined to a small fraction of a laser cycle. Therefore, in
this case the synchrotron emission, well known in physics
[29] for its high intensity and high-energy spectrum, mani-
fests itself in the form of ultrashort bursts and can form an
isolated attosecond pulse, e.g., when the laser pulse con-
sists of just a few cycles or when an ultrathin foil is used as
a target [17].
This physical picture was revealed by numerical simu-
lations with a one-dimensional PIC code modeling the
interaction of a preionized plasma slab with a relativisti-
cally intense, few-cycle laser pulse of a large focal diame-
ter (d ). The plasma has a steep density profile with
initial density N ¼ 500Nc, where Nc is the critical density,
and 4 nm thickness. The plasma surface is orthogonal to
the z axis. The light pulse propagates along the z axis from
the left to the right; the linearly polarized electric field Ey is
directed along the y axis and has a Gaussian envelope in
time. The amplitude of the electric field is E ¼
9:7ðmc!0=eÞ where e and m are the electron charge and
mass, and the pulse’s full width at a half maximum
(FWHM) is   3TL, where TL is the light wave period.
The time and space steps aret  1:3 105TL, z 
2:6 1050. Initially, 100 particles are in each mesh cell;
both electrons and ions are mobile.
The characteristic times t1, t2, and t3 of the subcycle
release of plasma electrons, their acceleration, and syn-
chrotron emission are marked by the black spheres in
Fig. 1(a) showing the electric field Ein of the incident laser
pulse at the Z coordinate of the front plasma surface
without its modification by plasma. In the presence of the
overdense plasma slab, this field changes significantly due
to the interference of the incident and reflected fields. PIC
simulations show that the majority of plasma electrons
move together as a dense bunch until the time shortly after
emission of a powerful attosecond pulse; therefore, their
dynamics is well described by the motion of the maximum
of the electron density together with the evolution of its
spatial FWHM. The electric field ENm seen by the moving
maximum of the electron density Nm is shown in Fig. 1(b).
This field differs from Ein due to the plasma boundary
effect and the relativistic movement of the electrons with
respect to the laser pulse.
The temporal evolution of the Z coordinate of Nm is
shown by the red line in the inset of Fig. 1(c) with the gray
error bars depicting the spatial FWHM of the electron
density. The (Y-Z) trajectory of a representative electron
of the emitting electron bunch obtained in PIC simulations
is shown in Fig. 1(c) with the acceleration ay encoded in
the line color. Thin black lines in Fig. 1(c) depict (Y-Z)
trajectories of other electrons of the emitting bunch. Note
that these trajectories are plotted in the laboratory frame,
not in the average rest frame, in contrast to the figure-of-
eight trajectories of a single electron in relativistic fields in
vacuum obtained in [30]. As is seen in the inset of Fig. 1(c),
most of the electrons stay bound in the ionic potential until
t1  6:47TL, when the Lorentz force overcomes the ionic
binding force.
At t1, the magnetic force has pushed the electrons far
enough from the equilibrium position and their synchro-
tronlike motion begins. As is seen in Fig. 1(b), at the time
instant t2  6:79TL, the Lorentz force at the Z position of
the emitting electrons recedes. Shortly after, the electrons
undergo the maximum excursion in the laser direction;
then they are rapidly accelerated by the restoring force of
ions in the opposite direction—towards the laser. After
the electron bunch passes the front surface of the ion slab,
the laser field at the Z position of the electron bunch
provides the electric force in the Y direction, thus form-
ing, together with the ionic restoring force, a time-domain
undulator. At this time instant t3  7:04TL, jVzj ¼ max,
Vz < 0; Vy passes through the zero node changing sign;
az vanishes, while ay has a local maximum. As a result, a
short burst of synchrotron radiation beamed in the direc-
tion of the reflected light is released. The trajectory of the
maximum of the corresponding XUV and x-ray pulse
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obtained in PIC simulations is shown by the red line in
Fig. 1(c).
The trajectories of most of the electrons coincide [black
lines in Fig. 1(c) mergewith the blue line] until t4  7:1TL,
when the acceleration ay vanishes. Following this, once the
bunch has been decelerated, it explodes due to Coulomb
repulsion. Electrons start moving incoherently [the lines in
Fig. 1(c) split, and the error bars in the inset of Fig. 1(c)
become large at t > t4]. Therefore, they cannot produce a
second intense attosecond pulse during the subsequent
half-cycle of the laser driver field.
The radiation pattern of a single electron accelerated
orthogonally to its direction of motion [29] is shown in
Fig. 1(d) juxtaposed with that of an electron accelerated in
the direction of its motion, Fig. 1(e). In the latter case, for
the same magnitude of applied force the radiation is a
factor of 2 smaller than that with a transverse accelera-
tion, and vanishes in the direction of an electron velocity.
The fact that in PIC simulations and experiment
[19–21] the maximum of the XUV emission propagates
along the Z axis corroborates its ‘‘synchrotron’’ origin
whose pattern is given by Fig. 1(d). Note that this radiation
pattern refers to a single electron. If electrons are driven
coherently by a spatially coherent incident wave, many of
them move along the same trajectory, resulting in a coher-
ent reflected wave in a diffraction-limited beam whose
characteristics are dictated by the coherence properties of
the driving field rather than by the single-electron emission
properties.
The velocity and acceleration of tens of selected plasma
electrons contributing to the attosecond pulse emission
versus time are shown in Figs. 2(a) and 2(b). The selected
electrons represent the majority of electrons of the slab. As
is seen, electrons move ‘‘coherently’’ (the curves for differ-
ent electrons coincide) until t4. Therefore, the synchrotron-
like behavior at around t3 is also reproduced in the
macroscopic currents Jy and Jz demonstrated by Fig. S3
of the Supplemental Material [28]. The reflected field and
its intensity after spectral filtering are depicted in Fig. 2(c),
where the isolated attosecond pulse is clearly observed.
Figures 2(d) and 2(e) demonstrate Vy, Vz, ay, and az of a
representative electron of the emitting bunch on a zoomed-
in time scale near t3. The intensity of the generated atto-
second pulse and its Z coordinate are shown by the red line;
the dashed line shows the Z coordinate of the electron.
At the instant t3, initially bound electrons have become
quasifree, or ‘‘highly excited’’ in the language of atomic
physics. The trajectories of these electrons obtained in self-
consistent PIC simulations are similar to those of a single
electron in a relativistically intense electromagnetic pulse
in vacuum [31], but with essential differences in the min-
ima of Vz, as shown in the Supplemental Material [28].
An analytical expression for the intensity of the atto-
second pulse can be deduced from the electron trajectories
shown in Figs. 1, 3, and 3 by using approximations to Vz
FIG. 1 (color). Clocking of a laser-driven attosecond electron
synchrotron. (a) Input electric field of the driver pulse without its
modification by plasma Erel ¼ mc!0=e. Black spheres: charac-
teristic times of formation of the synchrotronlike electron tra-
jectory. (b) Electric field seen by the moving maximum of the
electron density with characteristic times shown by black
crosses. (c) (Y-Z) trajectory of a representative electron emitting
synchrotron radiation (blue line) with acceleration ay encoded in
false-color representation. Thin black lines: trajectories of
other emitting electrons in the laboratory frame. Red line:
trajectory of the emitted XUV and x-ray radiation. Inset:
Temporal evolution of the Z coordinate of Nm (red line) with
the gray error bars depicting the spatial FWHM of the electron
density. (d) Radiation pattern for the synchrotronlike electron
motion. The gray line depicts the pattern for  ¼ 1, the filled
pattern applies to  ¼ 3:6 and is reduced by a factor 105 for
the same acceleration. (e) Radiation pattern for an electron
accelerated in its direction of motion. The gray line depicts the
pattern for  ¼ 1; the filled pattern applies to  ¼ 3:6 and is
reduced by a factor 104 for the same acceleration.
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and ay obtained in PIC simulations, because a sufficient
number of electron trajectories coincide during the atto-
second pulse emission. The acceleration ayðtÞ shown in
Fig. 3 can to a good approximation be written as ayðtÞ ¼
ay0 exp½ðt=aÞ2, while the velocity VzðtÞ can be repre-
sented near its maximum by a parabolic function
VzðtÞ  Vz0

1 t
2
2

 c

1 1
22
 t
2
2

; (1)
where  ¼ d2Vz=dt2. The functions VzðtÞ and ayðtÞ deter-
mine both the duration and the intensity of the attosecond
pulse. Using the framework of Lie´nard-Wiechert poten-
tials, the electric field radiated by the accelerated electrons
can be expressed as (see the Supplemental Material [28]
for derivation)
EðtÞ ¼  Ne
c2R
ayðt0Þ 4
4
ð1þ 2t02Þ2 ; (2)
where N is the full number of electrons moving coherently
near the time of emission, and the retarded time t0ðtÞ is
given by
t0 ¼ 2
2ðt z=cÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½ðt z=cÞ04=3
q ; (3)
where 0 ¼ 3
ﬃﬃﬃﬃ

p
=ð ﬃﬃﬃ3p =2Þ.
Here, we have introduced the key scaling parameter
0  3
ﬃﬃﬃﬃ

p
, which defines the high-frequency cutoff of
the radiation. The 3 factor reveals a striking similarity
with the spectrum of synchrotron radiation [29]. It is
straightforward to see from Eq. (3) that the fast growth
of the nonlinear function t0ðtÞ is confined to the time
interval 0  ð3
ﬃﬃﬃﬃ

p Þ1 (see Fig. S5 of the Supplemental
Material [28]). Electrons emit high-intensity radiation only
as long as the velocity Vz is high in its absolute value and
t0ðtÞ is undergoing a rapid nonlinear growth within the
characteristic time 0. In other words, 0 provides a good
estimate for the pulse width of ultrashort XUV and x-ray
bursts emitted by the electrons.
Attosecond pulses obtained by applying three different
spectral filters to the reflected light field obtained in PIC
simulations are demonstrated in Fig. 3. With an incident
laser intensity of I0 ¼ 1:8 1020 W=cm2 and central
wavelength of 810 nm, the intensity of the attosecond pulse
is I31018 W=cm2 for the spectral interval from 50!0
to 200!0 (duration 52 as); I41017 W=cm2 from
200!0 to 600!0, (duration 15 as); I  2 1016 W=cm2
from 700!0 to 1500!0 (duration 1.6 as). The inset of
FIG. 3 (color). Attosecond pulses obtained by applying
three different spectral filters to the reflected field from
Fig. 2(c). Black line: (50–200!0), dark cyan: (200–600!0),
red: (700–1500!0). Line 1: normalized ayðtÞ; line 2: VzðtÞ;
line 3: the approximation Eq. (1); green vertical lines show the
interval of validity of Eq. (1). Inset: same plots on a zoomed-in
time axis. Dark blue line: electric field given by Eq. (2).
FIG. 2 (color). Dynamics of emitting electrons obtained with
PIC simulations. (a), (b) Vz=c and ay (normalized to their
maxima ay0 at t3) of a number of different electrons as a function
of time. (c) Reflected electric field (cyan line) and its intensity
jEðtÞj2 after spectral filtering !> 80!0 (red line) normalized
to their maxima. (d), (e) Vy=c (gray dash-dotted line), Vz=c
(blue solid line), ay=ay0 (dark green line), and az=az0 (gray line),
as well as the coordinate Z= (dashed line) of a representative
electron near the emission time t3. Red line: intensity and Z
coordinate of the attosecond pulse.
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Fig. 3 shows same plots on a zoomed-in time scale, where
the dark blue line depicts the electric field given by Eq. (2).
The shortest duration of the emitted XUV and x-ray pulse
is 0 ¼ 5:9 104  TL  1:6as. Green vertical lines in
Fig. 3 show the interval of validity of the parabolic ap-
proximation to Vz.
In summary, we have derived an analytical formula
describing the electric field of attosecond pulses emitted
from a laser-produced overdense plasma slab as a function
of time, based on the trajectories of relativistic electrons
obtained with PIC simulations, which can be generalized to
other configurations of laser-solid interaction including
oblique incidence, thick targets, and nonplanar geometries.
Using analytical expressions for the electron acceleration
and velocity as a function of laser and plasma parameters,
one can deduce the scaling of the attosecond pulse intensity
and duration as a function of experimentally measurable
parameters. Our new interpretation of the emission of
relativistic harmonics from solids, where the entire
system—the overdense plasma in concert with the laser
field—momentarily forms a synchrotron source, active at a
certain instant of time and governed by a simple set of
rules, will assist the development and optimization of
sources of intense attosecond pulses.
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